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In the context of Clifford functional integral formalism, we revisit the Nambu-Jona-
Lasinio-type dynamical symmetry breaking model and examine the properties of the
dynamically generated composite bosons. Given that the model with 4-fermion interac-
tions is nonrenormalizable in the traditional sense, the aim is to gain insight into the
divergent integrals without resorting to explicit regularization. We impose a restriction
on the linearly divergent primitive integrals, thus resolving the long-standing issue of
momentum routing ambiguity associated with fermion-antifermion condensations. The
removal of the ambiguity paves the way for the possible calculation of the true ratio of
Higgs boson mass to top quark mass in the top condensation model. In this paper, we also
investigate the negative vacuum energy resulted from dynamical symmetry breaking and
its cosmological implications. In the framework of modified Einstein-Cartan gravity, it is
demonstrated that the late-time acceleration is driven by a novel way of embedding the
Hubble parameter into the Friedmann equation via an interpolation function, whereas
the dynamically generated negative cosmological constant only plays a minor role for the
current epoch. Two cosmic scenarios are proposed, with one of which suggesting that the
universe may have been evolving from an everlasting coasting state towards the acceler-
ating era characterized by the deceleration parameter approaching -0.5 at low redshift.
One inevitable outcome of the modified Friedmannian cosmology is that the directly
measured local Hubble parameter should in general be larger than the Hubble parame-
ter calibrated from the conventional Friedmann equation. This Hubble tension becomes
more pronounced when the Hubble parameter is comparable or less than a characteristic
Hubble scale.
Keywords: Clifford functional integral; dynamical symmetry breaking; vacuum energy;
modified Friedmannian cosmology
PACS numbers:11.30.Qc, 12.60.Rc, 04.50.Kd, 95.36.+x
1. Introduction
The discovery of the Higgs boson1, 2 has renewed the interest in possible explana-
tions for the electroweak naturalness problem: the perturbative quantum corrections
tend to draw the mass of a fundamental Higgs boson towards higher scales. One
way of dealing with the naturalness problem is to regard the Higgs sector as an
effective description of the low energy physics represented by a composite boson. It
is conjectured that the fundamental Higgs boson can be replaced by a dynamically
1
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generated composite boson as the result of fermion-antifermion condensation. The
top condensation model3–6 has been extensively studied along this line of thinking,
motivated by the proximity of top quark mass scale and the electroweak symmetry
breaking scale.
One of the challenges facing the top condensation model (for a review see Ref. 7)
is to account for the vast range of fermion masses which span five orders of mag-
nitude. Dimensionless ratios between parameters appearing in a physical theory
cannot be accidentally small. This naturalness principle is elegantly defined by ’t
Hooft:8 a quantity should be small only if the underlying theory becomes more sym-
metric as that quantity tends to zero. Weakly broken symmetry ensures that the
smallness of a parameter is preserved against possible perturbative disturbances.
With a view toward explaining the fermion mass hierarchies in the context of com-
posite electroweak Higgs bosons, we proposed the extended top condensation model
in our previous work.9 In addition to top quark condensation, the model involves
tau neutrino and tau lepton condensations as well. The approach is based on the
framework of Clifford algebra Cℓ0,6
10 (note that there is an interesting connection
between Clifford algebra Cl(6) and octonions via left-action maps 11), whereby
standard model fermions are represented by algebraic spinors. There are two global
chiral symmetries on top of the local gauge symmetries. The chiral symmetries are
dynamically broken by 4-fermion condensations. In accordance with the naturalness
principle, the chiral symmetries play a pivotal role in establishing the relative mag-
nitudes of 4-fermion condensations, and consequently giving rise to fermion mass
hierarchies.
That being said, there are still subjects related to the top condensation model
that have not been explored in our earlier paper. Particularly, for composite
Higgs boson models with nonrenormalizable 4-fermion interactions, there is a long-
standing issue of the momentum routing ambiguity associated with the fermion
bubble diagram.12 When a Feynman integral is convergent or logarithmically diver-
gent, the integral is independent of the momentum routing parameter, because the
parameter can be shifted away by a translation of the integration variable. When
it comes to integrals that are more than logarithmically divergent, one should pro-
ceed with caution because the seemingly harmless momentum shifting changes the
integral values. One quintessential example is the triangle diagrams of the Adler-
Bell-Jackiw (ABJ) anomaly,13, 14 where the integrals are linearly divergent. The
ambiguity is fixed by enforcing the vector Ward identity, at the expense of the axial
Ward identity.
The Feynman integral corresponding to the fermion bubble diagram is quadrat-
ically divergent12, 15 and one shall seek a different way of removing the momentum
routing ambiguity. This paper is an attempt of addressing this issue without go-
ing through explicit regularization. Via straightforward algebraic manipulations,
we can show that momentum shifting changes a quadratically divergent integral by,
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amongst others,
Iµlin =
∫
d4l
(2π)4
lµ
(l2 −m2)2 . (1)
This primitive integral is independent of external momentum. Since the integrand
of Iµlin is odd in l, one might suppose that it vanishes upon symmetrical integration.
Considering that Iµlin is linearly divergent, we can no longer make the cavalier as-
sumption that Iµlin can be discarded. Analogous to the situation of the ABJ anomaly,
the surface terms could spoil the identity Iµlin = 0. The solution to this issue is to
require that the physical outcome of a model should not depend on the ill-defined
non-Lorentz-invariant primitive integrals which are more than logarithmically di-
vergent. In other words, integrals like Iµlin should not show up in the final calculation
results. This condition pins down the value of the momentum routing parameter,
thus removing the routing ambiguity.
With the ambiguity out of the way, we turn to the other aspects of the composite
boson model and its cosmological implications. It is argued that the bare fermion
mass and the bare cosmological constant Lagrangian terms are prohibited by in-
voking global symmetries. The dynamically generated effective masses and negative
vacuum energy could therefore be naturally small, due to the protection from weakly
broken symmetries. The vacuum energy-related quartically divergent primitive in-
tegral is deemed as a separate parameter, in addition to the logarithmically and
quadratically divergent primitive integrals. As a consequence, the vacuum energy
could be decoupled from the emergent mass scale. It’s also shown that the late-time
cosmic acceleration can be realized in the framework of modified Friedmannian cos-
mology,16 even in the presence of a small negative cosmological constant arising
from dynamical symmetry breaking.
The present paper is in a sense a continuation of our previous research on the ex-
tended top condensation model.9 Rather than analyzing the dynamical electroweak
symmetry breaking in its full extent, we will investigate the basic Nambu-Jona-
Lasinio-type (NJL-type) model.15 The goal is to contemplate the viability and cos-
mological consequences of a minimal dynamical symmetry breaking model with
nonrenormalizable 4-fermion interactions. We hope that the lessons learned here
could shed some light on the future study of more sophisticated models such as the
extended top condensation model.
This paper is structured as follows: Section 2 introduces the 4-fermion interac-
tion model and Clifford functional integral formalism. In section 3, we study diver-
gent integrals, the momentum routing ambiguity, and the negative vacuum energy.
In section 4, we examine the cosmological implications of a negative cosmological
constant based on the modified Friedmann equation, and explore the possibility
of time-varying emergent quantities. In the last section we draw our conclusions.
Throughout this paper, we adopt the Planck units: c = ~ = G = 1.
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2. The Dynamical Symmetry Breaking Model with 4-fermion
Interactions
2.1. Clifford algebra and the fermion Lagrangian
Encouraged by the successful employment of Clifford algebra Cℓ0,6 in the extended
top condensation model, we are going to use Clifford algebra extensively in this
paper. Clifford algebra, also known as geometric algebra, is a powerful mathematical
tool with various applications in physics.17–23 Instead of Cℓ0,6, here we will focus
on the familiar Cℓ1,3, which is also called Dirac algebra or spacetime algebra. The
Clifford algebra Cℓ1,3 is defined by the vector basis {γµ;µ = 0, 1, 2, 3} satisfying
γµγν + γνγµ = 2ηµν , (2)
where ηµν = diag(1,−1,−1,−1).
An algebraic spinor ψ(x) is a linear combination of all 24 = 16 basis elements of
Clifford algebra Cℓ1,3
ψ(x) =ψ0(x) + ψ
µ
1 (x)γµ +
1
2
ψµν2 (x)γµγν
+ ψµ3 (x)iγµ + ψ4(x)i, (3)
where ψµν2 (x) = −ψνµ2 (x) and the unit pseudoscalar
i = γ0γ1γ2γ3
squares to −1, anticommutes with Clifford-odd elements, and commutes with
Clifford-even elements. Due to the fermion nature, the 16 linear combination coeffi-
cients such as ψ0(x), ψ
µ
1 (x), etc. are real Grassmann numbers. It is worth noting that
the algebraic spinor as expressed in eq. 3 should not be confused with a bispinor,
which is effectively bosonic and can be also expanded in terms of the 16 elements
of Cℓ1,3. The interested readers shall refer to Refs. 17–22 and especially section 4.1
in Ref. 23 for detailed expositions on the mapping between an algebraic spinor and
a conventional column spinor.
Spinors with left (right) chirality correspond to Clifford-odd (even) multivectors
ψ = ψL + ψR,
ψL =
1
2
(ψ + iψi),
ψR =
1
2
(ψ − iψi).
According to the conventional column representation of fermions, each Dirac
fermion has 4 components which correspond to 4 complex or 8 real Grassmann
numbers. So there is an issue of reconciling the column spinor with the algebraic
spinor endowed with N = 16 degrees of real Grassmann freedom. This issue is
resolved by the seminal paper by Hestenes.24 It is pointed out that the algebraic
spinor of Cℓ1,3 can be identified with the neutrino-electron isospin doublet. The
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spinor ψ represents a pair of orthogonal left ideals
ψ = ψν + ψe,
where ψν (ψe) corresponds to the isospin up (down) projection of ψ
ψν = ψ
1 + γ3γ0
2
,
ψe = ψ
1− γ3γ0
2
.
The algebraic spinor of Cℓ1,3 is capable of accommodating Lagrangians which are
both Lorentz invariant and electroweak gauge invariant (see Ref. 24 for details).
Here we are concerned with the NJL-type model with 4-fermion interactions.
The fermion Lagrangian can be written as
L = iˆ 〈ψ¯ /∂ψ〉− 1
2N
g
( 〈
iψ¯ψ
〉2
+
〈
iψ¯iψ
〉2 )
, (4)
where /∂ = γµ∂µ (we adopt the summation convention for repeated indices in this
paper), γµ = ηµνγν , N = 16, g is the 4-fermion coupling constant , 〈. . .〉 stands for
Clifford-scalar part of the enclosed expression, and the Dirac conjugate ψ¯ is defined
as
ψ¯ = ψ†γ0.
Hermitian conjugate ψ† takes the form
ψ† = γ0ψ˜γ0, (5)
where reversion of ψ, denoted ψ˜, reverses the order in any product of Clifford vectors.
Note that the Hermitian conjugate in eq. (5) is defined specifically for Clifford
algebra Cℓ1,3. For Clifford algebra Cℓ0,6, the Hermitian conjugate would assume a
different definition.9, 10 In the context of connecting Clifford algebra with the con-
ventional matrix formalism, the interested readers are encouraged to consult section
5.1 in Ref. 23 for a general and enlightening discussion concerning the distinction
between reversion (which acts on Clifford algebra valued objects) and Hermitian
conjugate (which acts on the matrices representing Clifford numbers).
The kinetic term iˆ
〈
ψ¯ /∂ψ
〉
involves the mathematical imaginary number iˆ, which
is different from Clifford algebra Cℓ1,3 pseudoscalar i. The imaginary number iˆ
commutes with all Clifford algebra elements. The iˆ in the kinetic term is consistent
with the fact that a self-energy loop diagram would yield an imaginary correction
to the fermion propagator, since loop integrals would pick up an extra iˆ via proper
contour integral on the complex plane (or equivalently Wick rotation of time axis).
Note that iˆ does not show up in the multi-fermion interaction term, and the same
goes for Yang-Mills and gravitational interactions.
The massless Lagrangian is invariant under vector UV (1) global transformation
ψL ⇒ ψLeαi = e−αiψL, (6a)
ψR ⇒ ψReαi = eαiψR, (6b)
September 17, 2019 1:5 WSPC/INSTRUCTION FILE AmbiguityFree
6 Wei Lu
and axial UA(1) global transformation
ψL ⇒ eβiψL = ψLe−βi, (7a)
ψR ⇒ eβiψR = ψReβi. (7b)
The individual Lagrangian terms
〈
iψ¯ψ
〉2
and
〈
iψ¯iψ
〉2
are not invariant under
the axial transformation, albeit they are invariant in aggregation. If we add a bare
mass term
miˆ
〈
iψ¯ψ
〉
to the Lagrangian, the axial symmetry would be spoiled. The crux of the dynamical
symmetry breaking mechanism is to induce an axial-symmetry-breaking effective
mass term via interactions.
Note that we can write down an NJL-type Lagrangian involving electron ψe or
neutrino ψν only. The outcome of the forthcoming sections will not be qualitatively
different. All one has to do is to change the value of N from N = 16 to N = 8,
where N is the degrees of real Grassmann freedom. And for that matter, we shall
regard ψ as a generic spinor not necessarily tied to a specific fermion. For example,
ψ could be top lepton, whose fermion-antifermion condensation is of concern in the
extended top condensation model.9
2.2. Clifford functional integral and Schwinger-Dyson equation
To quantize the Lagrangian (4) in the framework of Clifford functional integral
formalism, we have to leverage Clifford functional calculus. For our purpose here,
the spinor ψ(x) in (3) is re-expressed as
ψ(x) = ψa(x)γˆa, (8)
where index a runs from 1 to N , with N = 16, and each ψa(x) is real-Grassmann
valued. The operators γˆa span all the 16 basis elements of Clifford algebra Cℓ1,3
γˆ1 = 1, γˆ2 = γ0, γˆ3 = γ1, · · · , γˆ16 = i.
We are interested in a Clifford functional derivative δ/δψ(x) suitable for the
spinor ψ(x) defined in (8),
δ
δψ(x)
≡ γˆa δ
δψa(x)
, (9)
where γˆa is the inverse of γˆa so that γˆ
aγˆa = 1 for each a, and δ/δψ
a(x) follows
the standard definition of Grassmann functional derivative. Note that we stick with
the convention of always applying the Clifford functional derivative to the left of
a functional. In the same vein, the Clifford functional derivative δ/δψ¯(x) against
ψ¯(x) can also be defined.
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There are a few useful functional derivative properties:
δ
δψ(x)
ψ(y) = Nδ(x− y),
δ
δψ(x)
iψ(y) = 0,
δ
δψ(x)
〈ψ(y)F 〉 = δ
δψ(x)
〈
ψ˙(y)F
〉
+
δ
δψ(x)
〈
ψ(y)F˙
〉
= δ(x− y)F + δ
δψ(x)
〈
ψ(y)F˙
〉
,
where F is any Clifford functional and the dot on ψ˙(y) or F˙ denotes functional
derivative performed on the designated element only. The second property stems
from the fact that the Clifford-odd portion and the Clifford-even portion of the
derivative cancel out.
Now we are ready for the quantization of the Lagrangian (4). The generating
functional Z[η] can be represented as the Clifford functional integral
Z[η] =
∫
Dψe iˆ2
∫
d4xL(x)+ 12
∫
d4xd4y〈η¯(x)ψ(x)〉〈η(y)ψ¯(y)〉. (10)
It is understood that Z[η] is required to be normalized to Z[0] = 1. The Grassmann-
odd sources η(x) and η¯(x) are valued in the same Clifford space as ψ(x) and ψ¯(x).
Hence their respective Clifford functional derivatives δ/δη(x) and δ/δη¯(x) can be
defined in the same fashion.
The combination of η¯(x) and η(y) in the source term 〈η¯(x)ψ(x)〉 〈η(y)ψ¯(y)〉
should be deemed as a bilocal union. Therefore, η and η¯, and for that matter func-
tional derivatives δ/δη and δ/δη¯, should always appear in pairs. It’s worth men-
tioning that bilocal sources have been employed by two-particle irreducible (2PI)
effective actions and approximation schemes25 to go beyond the standard pertur-
bative quantum field theory.
Rather than treating ψ(x) and ψ¯(x) as independent variables as in many text-
books, we regard them as dependent variables. The same logic applies to η(x) and
η¯(x). The extra 1/2 factor in front of the action functional in eq. (10) is necessary
to keep the final physical results the same as those of the conventional formalism.
We do not aspire to establish a mathematically rigorous definition of the above
functional integration (10). Actually, the only property we need in this paper is that
the functional integral of a total functional derivative is zero:∫
Dψ δ
δψ(x)
F = 0, (11a)∫
Dψ δ
δψ¯(x)
F = 0, (11b)
where F is any functional.
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A specific application of the property (11),∫
Dψ δ
δψ¯(x)
[e
iˆ
2
∫
d4zL(z)+ 12
∫
d4zd4z′〈η¯(z)ψ(z)〉〈η(z′)ψ¯(z′)〉ψ¯(y)] = 0,
yields the Schwinger-Dyson (SD) equation
Nδ(x− y)Z[η] =/∂x
δ
δη¯(x)
δ
δη(y)
Z[η]
− iˆ g
N
[ δ
δη¯(x)
i
δ
δη(y)
〈
δ
δη¯(x)
i
δ
δη(x)
Z[η]
〉
+ i
δ
δη¯(x)
i
δ
δη(y)
〈
i
δ
δη¯(x)
i
δ
δη(x)
Z[η]
〉]
+ ε
∫
d4zη(x)
δ
δη(y)
〈
η¯(z)
δ
δη¯(z)
Z[η]
〉
, (12)
where ε = 1 in the source term is a dummy parameter. It’s for book keeping purpose
when we seek an approximate solution in the next subsection.
As mentioned earlier, functional derivatives δ/δη and δ/δη¯ should always show
up in couples. In the above SD equation, it’s understood that the closest ones are
paired up.
2.3. Bilocal source approximation
The SD equation (12) is an exact functional-differential equation. In the presence
of interactions, solving the SD equation is notoriously hard. The path well trodden
is to find a perturbative solution, under the assumption that a certain coupling
constant is small. Here we follow a non-perturbative iterative scheme dubbed as
bilocal source approximation,26, 27 which effectively treats ε in the bilocal source
term (the last term in the SD equation (12)) as a series expansion parameter so
that
Z = Z0 + Z1ε+ Z2ε
2 + · · · . (13)
The equation of the zeroth-order approximation is
Nδ(x− y)Z0 =/∂x
δ
δη¯(x)
δ
δη(y)
Z0
− iˆ g
N
[ δ
δη¯(x)
i
δ
δη(y)
〈
δ
δη¯(x)
i
δ
δη(x)
Z0
〉
+ i
δ
δη¯(x)
i
δ
δη(y)
〈
i
δ
δη¯(x)
i
δ
δη(x)
Z0
〉]
. (14)
It’s equivalent to the self-consistent Hartree mean-field approximation.
The solution to the zeroth-order equation is readily obtained as (normalized to
Z0[0] = 1)
Z0[η] = e
− 12
∫
d4p
(2pi)4
〈iη¯(p)S(p)η(p)〉
, (15)
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where η(p) =
∫
d4xη(x)eip·x and p · x = pµxµ. The fermion Feynman propagator
S(p) is given bya
S(p) =
1
/p−m+ iˆǫ
, (16)
where /p = pµγ
µ, and the dynamically generated mass m satisfies the gap equation
m = iˆg
∫
d4p
(2π)4
〈S(p)〉 = iˆg
∫
d4p
(2π)4
m
p2 −m2 . (17)
In this paper, we concentrate on the case where the nonzero mass solution is
energetically favored over the zero mass one (more on the dynamically generated
negative vacuum energy in the next section). The existence of fermion-antifermion
condensation is reflected in the nonzero value of
∫
d4p
(2pi)4 〈S(p)〉. The emergent mass
dynamically breaks the axial global symmetry (7). It’s tantamount to adding an
effective mass term miˆ
〈
iψ¯ψ
〉
to the fermion Lagrangian (4).
Note that the zeroth-order functional equation allows for a “complex” mass
(scalar plus pseudoscalar)
m = |m|eϑi = |m| cos(ϑ) + i|m| sin(ϑ),
which appears in the fermion propagator (16). Nevertheless, it can be rotated into
to a real mass via redefining the spinor (a UA(1) transformation (7))
ψ ⇒ e−ϑ2 iψ.
So without loss of generality, we will focus on real mass only.
With the goal of studying the bosonic bound state properties of fermion-
antifermion condensation, we need to go beyond the zeroth-order approximation
and turn to the functional equation of the first-order approximation
Nδ(x− y)Z1 =/∂x
δ
δη¯(x)
δ
δη(y)
Z1
− iˆ g
N
[ δ
δη¯(x)
i
δ
δη(y)
〈
δ
δη¯(x)
i
δ
δη(x)
Z1
〉
+ i
δ
δη¯(x)
i
δ
δη(y)
〈
i
δ
δη¯(x)
i
δ
δη(x)
Z1
〉]
+
∫
d4zη(x)
δ
δη(y)
〈
η¯(z)
δ
δη¯(z)
Z0
〉
. (18)
aThe Lorentz-invariant Feynman propagator depends on the proper contour integral on the com-
plex plane prescribed by iˆǫ. For the rest of the paper, we do not explicitly write down iˆǫ in
propagators for the sake of brevity.
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According to the above equation, the first-order generating functional can be
calculated asb
Z1[η] =Z0[η]
{
1
4
∫
d4l
(2π)4
〈iη¯(l)S(l)η(l)〉
∫
d4l′
(2π)4
〈iη¯(l′)S(l′)η(l′)〉
+
iˆ
4
∫
d4p
(2π)4
Ds(p)
[ ∫ d4l
(2π)4
〈Ss〉
]2
+
iˆ
4
∫
d4p
(2π)4
Dp(p)
[ ∫ d4l
(2π)4
〈Sp〉
]2
+ · · ·
}
, (19a)
where
Ss = iη¯(l − p
2
)S(l − p
2
)S(l +
p
2
)η(l +
p
2
) (19b)
Sp = iη¯(l − p
2
)S(l − p
2
)iS(l+
p
2
)η(l +
p
2
) (19c)
The · · · terms are related to the first-order corrections to the fermion propagator
S(p), which we will not elaborate in this paper.
The effective composite boson propagatorsc Ds(p) and Dp(p) in the scalar and
pseudoscalar channels are
Ds(p) =
1
N
1
g−1 −Πs(p) , (20a)
Dp(p) =
1
N
1
g−1 −Πp(p) , (20b)
where the bubble functions Πs(p) and Πp(p) in the scalar and pseudoscalar channels
are
Πs(p) = iˆ
∫
d4l
(2π)4
〈S(l + p)S(l)〉 , (21a)
Πp(p) = iˆ
∫
d4l
(2π)4
〈iS(l+ p)iS(l)〉 , (21b)
which correspond to the fermion bubble diagram in the context of fermion-
antifermion condensation.12, 15
The scalar and pseudoscalar propagatorsDs(p) and Dp(p) are re-summations to
infinite order chains of fermion bubble diagrams. Similar leading order calculation
goes by different names such as random-phase approximation, Bethe-Salpeter T-
matrix equation, or 1/N expansion. The collective modes of the composite bosons
can be determined by the poles of Ds(p) and Dp(p).
bAs an only exception to the rule of pairing up closest η and η¯, η¯(l) and η(l′) (η¯(l′) and η(l)) are
paired up in eq. (19a).
cThey are generally known as fermion-antifermion channel T-matrices. We call them effective
composite boson propagators conditional on the existence of fermion-antifermion condensation.
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The integrals in the gap equation (17) and eq. (21) are quadratically divergent.
The analysis of divergent integrals is the focus of the next section.
3. Divergent Integrals
3.1. Implicit regularization
The calculations of quantum field theory are plagued by divergent integrals, which
need to be regularized at intermediate steps. After renormalization, a finite and
regularization-scheme independent result can be obtained for renormalizable theo-
ries. The fermion contact interactions render the NJL-type model nonrenormaliz-
able. Unlike the renormalizable theories, an NJL-type model depends on the form
of regularization chosen, hence the regularization procedure is regarded as an in-
tegral part of the definition of the model. In the literature, the NJL model has
been presented with many schemes: non-covariant 3-momentum cutoff, covariant 4-
momentum cutoff in Euclidean space, and proper time regularization, among others
(see Ref. 28 for a review).
In this paper, we will adopt the technique of implicit regularization.29, 30 The
below identity
1
(l + p)2 −m2 =
1
(l2 −m2) −
p2 + 2p · l
(l2 −m2) [(l + p)2 −m2] , (22)
is applied repeatedly to the integrand of a divergent integral so that the divergent
parts are isolated in primitive integrals that are independent of external physical
momentum (i.e. p). Only the convergent integrals are allowed to involve external
momentum in the denominator. Because the convergent integrals are separated from
the divergent ones, the finite parts can be integrated free from effects of regulariza-
tion.
On the other hand, granted that the divergent primitive integrals are indepen-
dent of external momentum, they can be treated as finite quantities as a result
of unspecified regularization. It will be shown later that there are three Lorentz-
invariant divergent integrals Ilog, Iquad, and Iquar . They are regarded as free param-
eters of the model that shall be fixed (or constrained, see details in later subsections)
by physical quantities, such as the dynamically generated fermion mass, composite
boson mass, and vacuum energy. Explicit regularization is therefore bypassed.
As explained in the introduction section, we exercise extra caution while han-
dling non-Lorentz-invariant divergent primitive integrals. We diverge from the stan-
dard implicit regularization approach29, 30 when linearly or more than linearly di-
vergent non-Lorentz-invariant integrals (such as Iµlin in eq. (1)) are concerned. We
deem these integrals as ill-defined which should not appear in the final physical
results, as opposed to throwing some away based on symmetrical integration argu-
ment or stipulating the others via enforcing the consistency conditions (equivalent
to discarding surface terms).
September 17, 2019 1:5 WSPC/INSTRUCTION FILE AmbiguityFree
12 Wei Lu
3.2. Gap equation
For the NJL-type model with 4-fermion interactions, the first Lorentz-invariant
primitive integral we encounter is
Iquad =
∫
1
iˆ
d4l
(2π)4
1
m2 − l2 , (23)
which appears in the gap equation (17). This quadratically divergent integral is
independent of external momentum. Note that Iquad is real and positive, since the
contour integral (with implicit regularization) on the complex plane (or equivalently
Wick rotation of time axis) would pick up an extra imaginary number iˆ, canceling
out the iˆ in the denominator.
In the context of the conventional regularization scheme with a cutoff scale M ,
the gap equation implies that the coupling constant g has to be fine-tuned to a
value just slightly larger than a critical value gcrit ∼ M−2, in order to establish
the hierarchy between M and the much smaller fermion mass m ≪ M . However,
given that no explicit regularization is required in our calculation, the notion of
cutoff scale M or critical coupling gcrit(M) is of no relevance here. We take the
view that one is agnostic of the values of the coupling constant g and integral Iquad.
Individually, they are left as arbitrary, insofar as they jointly meet the condition
gIquad = 1, (24)
which is dictated by the gap equation (17).
In accordance with ’t Hooft’s technical naturalness principle,8 once the gap
equation is satisfied for a symmetry breaking scale of order m, it’s ensured that
the smallness of m is preserved against possible higher order disturbances, due to
the protection from the weakly broken axial symmetry. There is no need for further
fine-tuning.
3.3. Momentum routing ambiguity and composite boson mass
Another quadratically divergent integral concerns the bubble functions Πs(p) and
Πp(p) in eq. (21) corresponding to the fermion bubble diagram. To underscore the
ambiguity in momentum routing, we re-express the bubble functions Πs(p) and
Πp(p) in the scalar and pseudoscalar channels as
Πs(p) = iˆ
∫
d4l
(2π)4
〈S(l + (1− α)p)S(l − αp)〉 , (25a)
Πp(p) = iˆ
∫
d4l
(2π)4
〈iS(l+ (1 − α)p)iS(l − αp)〉 , (25b)
where α is an arbitrary parameter not determined by the theory.12
Unlike the case of convergent or logarithmically divergent integrals, the seem-
ingly innocuous momentum shifting changes the integral values which are linearly or
more than linearly divergent. The central question is whether the momentum rout-
ing parameter α is a spurious artifact arising from the approximation scheme or it’s
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indeed a phenomenologically consequential parameter that needs to be ascertained
one way or another.
Let’s begin with straightforward algebraic manipulation of Πp(p) in the pseu-
doscalar channel
Πp(p)
=iˆ
∫
d4l
(2π)4
〈
i
1
/l + (1− α)/p−m
i
1
/l − α/p−m
〉
=iˆ
∫
d4l
(2π)4
(l + (1− α)p) · (l − αp)−m2
[(l + (1− α)p)2 −m2][(l − αp)2 −m2]
=
1
2
iˆ
∫
d4l
(2π)4
{ 1
(l − αp)2 −m2 +
1
(l + (1− α)p)2 −m2
− p
2
[(l + p)2 −m2][l2 −m2]
}
.
Note that we have shifted momentum routing in the last term since it’s allowed
for a logarithmically divergent integral. Now we apply the identity (22) repeatedly
to the integrands above, so that divergent integrals are isolated in terms that are
independent of external momentum p. Collecting all the terms, we get
Πp(p) =Iquad + (2α− 1)ˆiIµlinpµ
+
Ilog
2
p2 +
1− 2α+ 2α2
64π2
p2 + · · · , (26)
where · · · stands for finite integrals of order O(p4) (and up) and will be neglected
hereafter. The quadratically divergent primitive integral Iquad is given by (23) and
it satisfies the condition (24). The linearly divergent primitive integral Iµlin is given
by (1). The logarithmically divergent primitive integral is defined as
Ilog =
∫
1
iˆ
d4l
(2π)4
1
(m2 − l2)2 . (27)
As discussed in the introduction section, despite the fact that the integrand
of Iµlin is odd in l, I
µ
lin may not necessarily vanish upon symmetrical integration.
It’s imperative that the physical outcome of a model should not depend on the
ill-defined non-Lorentz-invariant primitive integrals like Iµlin which are more than
logarithmically divergent. In other words, Πp(p) should depend on Lorentz-invariant
p2 only. Therefore, we are compelled to impose the condition
(2α− 1)ˆiIµlinpµ = 0. (28)
This condition fixes the value of the α parameter to
α =
1
2
,
thus removing the momentum routing ambiguity. With that, the composite boson
propagator Dp(p) in the pseudoscalar channel is calculated as (utilizing the gap
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equation as well)
Dp(p) ≈ −1N
2 (Ilog +
1
64pi2 )p
2
=
−1
NIlog
2 (1 + ∆)p
2
, (29)
where
∆ =
1
64π2Ilog
.
The term (64π2)−1p2 stems from the symmetric momentum routing (given that
α = 1/2) of
iˆ
∫
d4l
(2π)4
{ 1
(l − p/2)2 −m2 +
1
(l + p/2)2 −m2
}
=
1
64π2
p2 + 2iˆ
∫
d4l
(2π)4
1
l2 −m2 .
Historically, such an extra term (proportional to p2) is either treated as ambiguous12
or totally absent in most NJL-type calculations. Of particular note is that the
pseudoscalar composite boson mass mp is still zero, unchanged by the extra term,
so that the Nambu-Goldstone requirement is satisfied.
In the same fashion, the composite boson propagatorDs(p) in the scalar channel
can be deduced as
Ds(p) ≈ −1NIlog
2 [(1 + ∆)p
2 − 4m2]
. (30)
In the presence of the extra term ∆p2 (stemming from the momentum routing fixed
at α = 1/2), the pole of the scalar propagator is shifted away from 4m2. The ratio
between the scalar composite boson mass mb and the fermion mass m is given by
mb
m
≈ 2√
1 + ∆
, (31)
therefore the composite boson mass mb is less than 2m. Similar to the case of
the fermion mass m, the dynamically generated composite boson mass (which is
constrained by mb < 2m at the level of approximation) is also protected by the
weakly broken axial symmetry, because both masses are contingent on dynamical
symmetry breaking.
We take the view that the model’s predictability depends on the emergent
quantities conditional on dynamical symmetry breaking. The measurements of the
fermion mass m and the scalar composite boson mass mb fix the parameters of the
model. Unlike the quadratically divergent counterpart Iquad, the logarithmically di-
vergent primitive integral Ilog is dimensionless and can be inferred from the ratio
mb/m. The integral Ilog is thus the only determinable divergent primitive integral,
whereas we only have partial knowledge of the dimensionful integral Iquad via the
constraint (24).
When it comes to the top quark condensation model, one phenomenological
problem is related to the conventional prediction of the Higgs-top mass ratio. Since
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the 2012 discovery, the Higgs boson is known to be lighter than the top quark. The
top condensation model appears to fail since it gives too heavy Higgs mass compared
with top quark mass. After factoring in the effects from the standard model gauge
interactions and the non-leading-order corrections, the issue accompanying the top
condensation model is alleviated but remains unresolved. If we take into account
the momentum routing-related contributions along the lines presented in this paper,
the updated calculation may possibly lead to a Higgs-top mass ratio that matches
with measurements.
3.4. Dynamically generated vacuum energy
As long as quantum field theory is concerned, the absolute value of vacuum energy
is normally irrelevant, because it’s only the difference of energies that matters.
However, gravity is coupled to the energy of the vacuum. The vacuum energy’s
contribution to the cosmological constant Λ leads to measurable effects.
For a fundamental Higgs boson, the electroweak symmetry breaking gives rise
to a vacuum energy of the order
ρvac ∼ υ4,
where υ is the electroweak scale. It is exorbitantly large (1055 times too large)
compared with the commonly accepted estimation of Λ. The cosmological constant
problem is perceived as the most severe problem in physics (see Ref. 31 for a review).
In the context of dynamical symmetry breaking induced by multi-fermion in-
teractions, one might wonder whether the vacuum energy’s contribution to the
cosmological constant is more tractable. Before answering this question, we would
like to present an argument against a bare cosmological constant Lagrangian term.
Let’s introduce the basic building blocks of the curved spacetime in terms of Lorentz
gauge theory of gravity (see Refs. 32, 33 for reviews),
e = eaγa = e
a
µdx
µγa, (32a)
ω =
1
4
ωabγab =
1
4
ωabµ dx
µγab, (32b)
where vierbein e and spin connection ω are Clifford-valued 1-forms, ωabµ = −ωbaµ ,
and γab = (γaγb − γbγa)/2. The covariant derivative of the spinor field ψ(x) is
defined by
Dψ = (d+ ω)ψ, (33)
where the spin connection ω is essential in maintaining the local Lorentz covariance
of Dψ. The spin connection curvature 2-form is expressed as
R = dω + ω2 =
1
4
Rabγab =
1
4
(dωab + ηcdω
acωdb)γab, (34)
where outer products between differential forms are implicitly assumed.
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The spinor kinetic, 4-fermion interaction, gravity, and bare cosmological constant
Lagrangian terms are of the forms
Lspinor−kinetic ∼ iˆ
〈
ψ¯ie3Dψ
〉
, (35a)
L4−fermion ∼
〈
ie4
〉
(
〈
iψ¯ψ
〉2
+
〈
iψ¯iψ
〉2
), (35b)
Lgravity ∼
〈
ie2R
〉
, (35c)
Lbare−CC ∼
〈
ie4
〉
. (35d)
We propose a global transformationd
e⇒ eθiˆe, (36a)
ω ⇒ e−θiˆω, (36b)
d⇒ e−θiˆd, (36c)
ψ ⇒ e−θiˆψ, ψ¯ ⇒ e−θiˆψ¯. (36d)
Note that ψ¯ transforms in the same way as ψ, since Dirac conjugate has no bearing
on the imaginary number iˆ. It follows that the Lagrangian terms of Lspinor−kinetic ,
L4−fermion, and Lgravity are invariant, whereas Lbare−CC transforms as
Lbare−CC ⇒ e4θiˆLbare−CC .
If we enforce the θ transformation symmetry, then the bare cosmological constant
term would be precluded. Therefore, we only allow an effective cosmological con-
stant, which arises from the 4-fermion term (35b) conditional on dynamical sym-
metry breaking of the θ symmetry.
For the flat spacetime fermion Lagrangian (4), the vacuum potential energy can
be calculated as the expectation value of the 4-fermion interaction term
V =
∫
Dψ 1
4N
g(
〈
iψ¯ψ
〉2
+
〈
iψ¯iψ
〉2
)e
iˆ
2
∫
d4xL(x)
≈ 1
4N
g
(〈 δ
δη¯(x)
i
δ
δη(y)
〈
δ
δη¯(x)
i
δ
δη(x)
Z0
〉〉
+
〈
i
δ
δη¯(x)
i
δ
δη(y)
〈
i
δ
δη¯(x)
i
δ
δη(x)
Z0
〉〉)∣∣∣
η(x)=0
=− N
4
m2gIquar , (37)
where the zeroth-order generating function Z0(η) (15) is utilized. The quartically
divergent primitive integral
Iquar =
∫ ∫
1
iˆ
d4l1
(2π)4
1
iˆ
d4l2
(2π)4
1
(m2 − l21)(m2 − l22)
, (38)
dOne might define “vierbein dimension” as [e] = 1 and [ω] = [d] = [ψ] = [ψ¯] = −1. Then the bare
cosmological constant Lagrangian term is “dimensionfull”, whereas the other Lagrangian terms
are “dimensionless” .
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is real and positive. It’s the third primitive integral, in addition to the logarithmi-
cally and quadratically divergent ones Ilog and Iquad. According to the conventional
wisdom, one might erroneously expect that
Iquar = I
2
quad. (39)
The underlying assumption is that the order of integration d4l1 and d
4l2 does not
make a difference and one can integrate individually. This sort of reasoning is prob-
lematic for quartically divergent integrals, since the change of integral (and/or dif-
ferential) order is generally not permitted for integrals that are more than logarith-
mically divergent.
As a rule of thumb, relationships involving multiplication of multiple diver-
gent integrals such as eq. (39) should be avoided. Instead, the integral Iquar shall
be treated as an independent quantity, unrelated to Iquad or Ilog. Consequently,
the presumably small value of vacuum energy can be detached from the emergent
fermion/boson mass scale. Note that this small value is preserved against possible
perturbations, thanks to the protection from the weakly broken θ symmetry (36).
We know that there could be a couple of condensations in the extended top
condensation model.9 And there are also quark-antiquark condensations (manifested
as mesons) induced by the strong interaction in QCD. Similar to the situation of the
quadratically divergent counterpart, we are agnostic of the individual magnitude
of each coupling constant gk (one can only determine the ratios between gk) or
each integral Iquar(mk) (associated with the dynamically generated fermion mass
mk). They are left as arbitrary, albeit in aggregation they are constrained by the
dynamically induced cosmological constant
Λ = 8π
∑
k
Vk = −2πN
∑
k
m2kgkIquar(mk). (40)
In accordance with expectation, the vacuum with dynamical symmetry breaking
is energetically favored over a symmetric one, since a negative effective vacuum
potential (37) is generated.
4. Cosmology with a Negative Cosmological Constant
4.1. Einstein-Cartan equations and Friedmannian cosmology
As we learned from last section, dynamical symmetry breaking yields an effective
cosmological constant which could be sufficiently small. However, a disturbing fact
is that it’s negative, hence of the “wrong sign”. It is widely believed that a small
and positive cosmological constant can account for the observation that the expan-
sion of the universe is accelerating.34, 35 This picture of the ΛCDM model is based
on Einstein’s theory of general relativity. In this subsection, we will briefly walk
through the derivations of gravity equations and the Friedmannian cosmology. In
later subsections, we will discuss how to reconcile a negative cosmological constant
with the accelerated expansion of the universe.
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As mentioned earlier, gravity can be formulated as a Lorentz gauge theory in
terms of the vierbein (or tetrad/co-frame) e and the spin connection ω (32). The
gauge approach to gravity is also known as Einstein-Cartan gravity. The spin con-
nection ω, associated with the local Lorentz group SO(1, 3)e, plays the role of the
gauge fields in Yang-Mills theory.
The Einstein-Cartan action of gravity (with a nonzero cosmological constant Λ)
is of the form
Sgravity = 1
8π
∫ 〈
i(e2R− Λ
4!
e4)
〉
, (41)
where R = dω + ω2 is the spin connection curvature 2-form (34).
Field equations are obtained by varying the total action (gravity plus matter)
with the fields e and ω independently. The resultant Einstein-Cartan equations read
1
8π
(Re+ eR− Λ
3!
e3) = Ti, (42a)
1
8π
(Te− eT ) = 1
2
Si, (42b)
where T is energy-momentum current 3-form, S is spin current 3-form, and T is
torsion 2-form
T = de+ ωe+ eω = T aγa = (de
a + ηbcω
abec)γa. (43)
When the spin-current S is zero, the second Einstein-Cartan equation (42)
amounts to enforcing the zero-torsion condition
T = de+ ωe+ eω = 0, (44)
which can be used to express the spin connection ω in terms of the vierbein e. In this
case, the remaining (first) Einstein-Cartan equation can be shown to be equivalent
to the ordinary Einstein field equations for gravity with a cosmological constant.
The reason of taking this detour to Einstein-Cartan gravity will become clear
in later subsections. For now, let’s turn to cosmology. On the large scale, the spa-
tially homogeneous and isotropic universe is depicted by the Friedmann-Lemaˆıtre-
Robertson-Walker (FLRW) metric
ds2 = dt2 − a(t)2
(
dr2
1− kr2 + r
2dΩ2
)
, (45)
where Ω2 = dθ2 + sin2θdφ2 and a(t) is the scale factor of the universe normalized
to a(t0) = 1 at present day t0. The constant curvature k takes the value k = 0,
k > 0, or k < 0 for a flat, closed, or open space, respectively,
Aided by this FLRWmetric, we can derive the Friedmann equation of cosmology
from Einstein field equations (or equivalently the first Einstein-Cartan equation plus
eIn fact, the gauge group is the double cover of Lorentz group, namely Spin(1, 3).
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the zero-torsion condition),
H2 ≡
(
a˙
a
)2
=
8π
3
ρ+
1
3
Λ− k
a2
, (46)
where H is the Hubble parameter, ρ is the energy density, and dot stands for cosmic
time derivative.
The Friedmann equation shall be supplemented with the cosmological equation
of state, which implies that the energy densities of the different constituents of the
universe ρ =
∑
w ρw scale with a(t) as
ρw(a) ∼ a−3(1+w), (47)
where the equation of state parameter w is 0 for non-relativistic matter (including
visible matter and cold dark matter) and 1/3 for radiation. We can also view the
other components on the right hand side of the Friedmann equation as energy
densities with w = −1 and −1/3 for the cosmological constant Λ and curvature k
terms, respectively. Note that the cosmological constant is nowadays termed dark
energy,36, 37 given that its value may evolve with cosmic time.
As per the scaling equation (47), the cosmological constant Λ shall eventually
dominate over the other decaying components of the universe. Therefore, we are
persuaded of the need for a positive Λ, which is capable of driving the late-time
cosmic acceleration by virtue of its negative pressure. Such a narrative of Friedman-
nian cosmology hinges on the accuracy of general relativity. In the next subsection,
however, we will investigate a challenge to Newton’s Law of gravitation and general
relativity. See Ref. 38 for a review of a wide range of problems with the ΛCDM
model and general relativity.
4.2. Modified Newtonian dynamics
Newton’s Law of gravitation, as the non-relativistic weak-field limit of general rel-
ativity, is contradicted by the observation that the visible matter of spiral galax-
ies cannot possibly account for the gravitational pull responsible for the galactic
rotation curves. Extra dark matter is thus postulated to make up for the mass
discrepancy.
Curiously, the deviation from Newton’s Law of gravitation only occurs when the
acceleration is below a universal scale (in Planck units)
a0 ≈ 10−61.
This phenomenon, which is observed in a vast array of galaxies, would necessitate
dramatic fine-tuning of the dark matter distribution.
As an alternative to the dark matter hypothesis, a modification of Newtonian
dynamics (MOND) is proposed39 to link the Newtonian acceleration aN from the
visible matter to the true acceleration a
µ
(
a
a0
)
a = aN , (48)
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where µ(x) is an interpolation function
µ(x)→ 1 for x≫ 1 and µ(x)→ x for x≪ 1. (49)
In the weak acceleration limit (a≪ a0) of MOND, an object would circulate around
mass M with the velocity
v4 = a0M,
which is independent of the radius. This result of MOND agrees well with the
observed behavior in galaxies known as the baryonic Tully-Fisher relation.40
In light of MOND theory’s success on the galactic scale, one might wonder
what’s MOND theory’s implication for the ΛCDM model. To this end, we have to
go beyond the non-relativistic theory of MOND. Most of the theoretical attempts
(see Ref. 41 for a review) concentrate on modifying the Einstein field equations,
or equivalently modifying the first Einstein-Cartan equation. In an earlier paper16
of ours, we took the road less traveled by: changing the second Einstein-Cartan
equation, which amounts to altering the zero-torsion condition in the absence of
spin current.
Let’s rephrase Newtonian gravity as the non-relativistic weak-field limit of the
first and second Einstein-Cartan equations
∂iω
i0
0 = 4πρ, (50a)
∂ie
0
0 − ωi00 = 0, (50b)
where the spin current S and cosmological constant Λ terms are assumed to be
zero, and ρ is mass density. In the parlance of Newtonian gravity, the Newtonian
gravitational acceleration aN is
aiN = −∂iVN ≡ −∂ie00 = −ωi00 ,
where the Newtonian gravitational potential VN satisfies
∇2VN = 4πρ.
Now let’s add one term to the second equation of (50)
∂ie
0
0 − (1 +
√
a0/aN)ω
i0
0 = 0, (51)
where
aN =
√
(ωi00 ω
i0
0 ). (52)
The additional term
√
a0/aNω
i0
0 is negligible if aN ≫ a0. In other words, Newtonian
gravity is recovered in the limit aN ≫ a0. On the other hand, this additional term
becomes consequential when aN is comparable or less than a0. One can write down
the relationship between the Newtonian gravitational acceleration aiN = −ωi00 and
the true gravitational acceleration ai = −∂ie00 as
(1 +
√
a0/aN)aN = a. (53)
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Expressing aN in terms of a via inverting the above equation, we arrive at the
MOND equation (48), with the interpolation function µ(x) defined in (49). There-
fore, MOND is the result of modifying the second Einstein-Cartan equation in its
non-relativistic weak-field limit.
4.3. Modified Friedmannian cosmology
To introduce a relativistic counterpart of the modification along the lines of the
last subsection, we realize that one has to break the local Lorentz gauge symmetry
while retaining the local spacial rotation symmetry. Hence we resort to the following
partial vierbeins and partial spin connection
eS = e
jγj = e
j
µdx
µγj , (54a)
eT = e
0γ0 = e
0
µdx
µγ0, (54b)
ωT =
1
4
(ωj0γj0 + ω
0jγ0j) =
1
2
ωj0µ dx
µγj0, (54c)
where j = 1, 2, 3. These fields have the preferable property of transforming like a
vector under local spacial rotations.
The relativistic version of the modified second Einstein-Cartan equation can be
written as16
1
8π
(T˜ e− eT˜ ) = 1
2
Si. (55)
The modified torsion 2-form T˜ is defined by
T˜ = T +∆TSchw +∆TFLRW , (56)
where T is the original torsion 2-form (43). The additional terms ∆TSchw and
∆TFLRW are
∆TSchw =
√
a0/|zSchw|(ωT eS + eSωT ), (57a)
∆TFLRW =
√
3h0/|zFLRW |(ωT eT + eTωT ), (57b)
where
zSchw =
4!e2(ωT eS + eSωT )
2e4
,
zFLRW =
4!e2(ωT eT + eTωT )
2e4
,
and the magnitude of a multivector |M | is defined as
|M | =
√
〈M †M〉.
The modified torsion breaks the Lorentz symmetry, while it is covariant under
spacial rotations. In the absence of spin current S, which is the case studied in the
current paper, the modified second Einstein-Cartan equation yields
T + (∆TSchw +∆TFLRW ) = 0, (58)
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which means a change to the usual zero-torsion condition T = 0, since ∆TSchw +
∆TFLRW is non-zero in general.
The first term of the torsion modification ∆TSchw (57a) is relevant for the
Schwarzschild metric. The factor of
√
a0/|zSchw| in eq. (57) reduces to
√
a0/aN
in the non-relativistic weak-field limit, hence eq. (51) is recovered from eq. (58).
Therefore, the modification is indeed a relativistic parent theory of MOND.
The interesting part of the torsion modification is the second term
∆TFLRW (57b), which bears striking resemblance to the first term ∆TSchw (57a).
One only has to replace eS and a0 with eT and 3h0, respectively. Unlike ∆TSchw, it
turns out that ∆TFLRW is actually relevant for the FLRW metric and h0 is a char-
acteristic Hubble scale, which is a new parameter independent of the characteristic
MOND acceleration scale a0. That being said, it is assumed that h0 is of the same
order of a0 (in Planck units)
h0 ≈ 10−61.
The torsion modification terms ∆TSchw (57a) and ∆TFLRW (57b) can be phe-
nomenologically viewed as “dark torsion”. They might also be interpreted as “dark
spin current” (if the modification terms are moved to the right-hand side of the
modified Einstein-Cartan equation (55)), as an alternative to dark matter.
With the help of the FLRW metric (45), one can show that the modified second
Einstein-Cartan equation (55), in conjunction with the original first Einstein-Cartan
equation (42a), leads to the modified Friedmann equation16
H2F =
8π
3
ρ+
1
3
Λ− k
a2
, (59a)
where
(1 +
√
h0
HF
)HF = H. (59b)
Here HF is the Friedmann Hubble parameter and H ≡ a˙/a is the true Hubble
parameter. The Friedmann Hubble parameter HF can be determined via eq. (59b)
as
HF = µ
(
H
h0
)
H, (60)
with the interpolation function specified in eq. (49). Consequently, the modified
Friedmann equation can be reformulated as[
µ
(
H
h0
)
H
]2
=
8π
3
ρ+
1
3
Λ− k
a2
. (61)
The modified Friedmann equation (61) parallels the MOND equation (48) in the
sense that the former replaces Hubble parameter H with µ (H/h0)H in Friedmann
equation, while the latter replaces acceleration a with µ (a/a0)a in Newtonian
dynamics.
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According to this modified Friedmannian cosmology (MFC), the characteristic
Hubble scale h0 marks the boundary between the validity domains of Friedmannian
cosmology and MFC. For large Hubble parameter H ≫ h0 (the Friedmannian
regime), one has HF ≈ H . Therefore, the modified Friedmann equation (61) is
reduced to the usual Friedmann equation (46). On the other hand, in the limit of
small Hubble parameter H ≪ h0 (the deep MFC regime), HF is given by
HF ≈ H
h0
H.
The modified Friedmann equation then reads
1
h20
(
a˙
a
)4
=
8π
3
ρ+
1
3
Λ− k
a2
, (62)
which departs from the conventional Friedmannian cosmology.
Given the relationship (59b) (equivalently the interpolation relationship (60)),
the Friedmann Hubble parameter HF is generally smaller than the Hubble param-
eter H . If one attempts to calibrate the Hubble parameter via the conventional
Friedmann equation (46), it’s actually HF that is inferred, which differs from the
true Hubble parameter H = a˙/a. This discrepancy could be manifested in the “H0
tension” between CMB-predicted value of the Hubble parameter42 in concert with
ΛCDM (corresponding to HF (t0)) and the local measurements from supernovae
43
(which prefer a higher value, corresponding to H0 = H(t0)).
Considering that MOND negates the need for dark matter in galactic systems, a
natural question would be whether MFC, as a relativistic parent theory of MOND,
can explain the cosmological mass discrepancies without invoking cold dark matter
(CDM). Our hypothesis is that MFC could potentially reduce CDM’s percentage
in the total mass-energy budget of the universe. Nevertheless, we leave open the
possibility that there might still be some remaining CDM constituents. The prime
candidates are the 4-fermion condensations (which are electroweak singlets) in the
extended top condensation model9 and the sterile (right-handed) neutrinos which
are endowed with seesaw-scale (believed to be much higher than the electroweak
scale) Majorana masses.
4.4. MFC scenario one: coping with negative cosmological constant
Now we are ready for the reconciliation of the dynamically generated negative cos-
mological constant Λ with the accelerated expansion of the universe in the frame-
work of MFC. Let’s study a flat universe (k = 0) after the radiation-dominated
epoch. The predominant mass-energy density components are thus matter and a
negative cosmological constant Λ < 0. These components can be rewritten as
8π
3
ρ+
1
3
Λ = ρ¯0(a
−3 − λ). (63)
where ρ includes both visible and dark matter, and the negative Λ is reparametrized
by the positive parameter λ = − 13ρ¯0Λ > 0. We assume that the magnitude of the
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dynamically generated Λ (40) is considerably smaller than the mass density of the
current epoch, hence
λ≪ 1.
The modified Friedmann equation (61) can be cast in the form
a˙2 + V (a) = 0, (64)
where for H ≫ h0 (the Friedmannian regime)
V (a) = −ρ¯0(a−1 − λa2), (65)
and for H ≪ h0 (the deep MFC regime)
V (a) = −h0
√
ρ¯0
√
(a− λa4). (66)
This reformulation benefits from the Newtonian interpretation of a mass m0 = 2
(with kinetic energy T = m0a˙
2/2 = a˙2) moving in the potential V (a) subject to the
constraint of zero total energy.
Given that the Hubble parameter is large (H ≫ h0) at the early stage of the
mass-dominated epoch, potential (65) implies that (neglecting the small λ term)
a˙ ∼ t− 13 , H ≈ 2
3
t−1, q ≈ 1
2
,
where
q = − a¨a
a˙2
is the deceleration parameter. The positive value of q = 1/2 indicates that the
universe is decelerating.
With the passage of time, the ever-decreasing Hubble parameter H ∼ t−1 even-
tually enters the regime H ≪ h0. Consequently, according to (66), we have (ne-
glecting the small λ term)
a˙ ∼ t 13 , H ≈ 4
3
t−1, q ≈ −1
4
.
The universe is therefore accelerating, characterized by the negative q ≈ −1/4. We
generally believe that the Hubble parameter of the current epoch is of the value
H0 = H(t0) . h0.
Thus we have already entered the MFC regime manifested by the late-time cosmic
acceleration.
That being said, the small and negative cosmological constant will in the end
catch up with the declining matter density and become significant in the far fu-
ture. The acceleration is going to give way to deceleration at the critical scale acrit
determined by
dV (a)
da
|a=acrit = 0,
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which yields
acrit = 2
− 23 λ−
1
3 . (67)
Further down the road, the expansion of the universe will grind to a halt at the
maximum scale amax derived from
V (a)|a=amax = 0,
which implies
amax = λ
− 13 ≈ 1.6acrit. (68)
After reaching this maximum scale amax, the universe will trace back and embark
on contraction with a decreasing scale factor. Note that both acrit and amax are
determined using the deep MFC version of potential (66).
4.5. MFC scenario two: coasting universe yielding to acceleration
As mentioned in earlier section, according to ’t Hooft’s technical naturalness prin-
cipal,8 the small scales of the dynamically generated masses and vacuum energy
could be protected by the weakly broken global symmetries. Nevertheless, technical
naturalness does not answer the question of why a physical quantity is small in
the first place. The stronger naturalness in the sense of Dirac44 requires that there
shall be no unexplained large (or small) numbers in nature. Dirac suggested, in his
large number hypothesis, that very large (or small) dimensionless ratios should be
considered as variable parameters pertaining to the state of the universe.
Inspired by Dirac’s hypothesis, we propose the notion of Planck naturalness: an
emergent quantity, which varies with cosmic time, shall be of order 1 at Planck time
tp = 1 and its current large (or small) value is determined by the age of the universe
t0 ≈ 1061 (in Planck units).
Two points should be clarified regarding Planck naturalness. First of all, we
will not speculate about the universe before Planck time tp, which belongs to the
realm of quantum gravity. And from an effective field theory point of view, an
infinite number of terms allowed by symmetry requirements should be included in
a generalized action of the world. The gravity and Yang-Mills actions are the first
few order terms10 that are relevant in the low-energy limit. Therefore, Planck time
tp is the furthest point at which we may give limited credence to the low-energy
effective field theory.
Secondly, by emergent quantities we mean dynamically generated quantities,
such as the fermion and composite boson masses, along with the negative vacuum
energy. In comparison, the Planck units (speed of light c, reduced Planck constant ~,
and gravitational constant G) are fixed. As such, the Planck units are the standard
yardsticks to measure the variability of the emergent dimensionful quantities.
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Rather than dwelling upon individual emergent quantities, we will focus on the
total mass-energy density
ρ¯tot =
8π
3
ρ+
1
3
Λ− k
a2
,
which is the sum of the right hand side of the modified Friedmann equation (61).
That is to say, we regard every constituent of ρ¯tot as emergent and time-varying.
Note that ρ¯tot is assumed to be positive, albeit the contribution from the dynami-
cally generated time-varying Λ (dark energy) is negative and the contribution from
the curvature term could be either positive or negative depending on the sign of k.
Let’s suppose that the time-varying mass, radiation, and dark energy densities
somehow work in concert, so that the aggregation of them (plus a presumably non-
zero curvature term) collectively scales with a as
ρ¯tot =
1
t20a
2
=
1
a¯2
, (69)
where a¯ = t0a is the re-scaled scale factor. The equation of state parameter w for
ρ¯tot is −1/3. This sort of cosmic fluid was first proposed in Ref. 45 and the term
K-matter has been coined, because the w = −1/3 fluid behaves in a similar way as
the curvature term −k/a2 (with a negative k) in the empty Milne universe.
If we for a moment forget about MFC and assume that the conventional Fried-
mann equation (46) are more or less accurate for the K-matter universe, we would
arrive at
a¯ = t, ρ¯tot = t
−2, H = t−1, q = 0. (70)
This coasting universe solution, characterized by the deceleration parameter q = 0,
has the appealing property of satisfying Planck naturalness: the dependence of
ρ¯tot(t) on time does not involve additional large (or small) parameter and it is
of the order ρ¯tot(tp) = t
−2
p = 1 at Planck time.
Recent years have witnessed a renewed interest46 in this w = −1/3 coasting
universe originally investigated in Ref. 45, because it enjoys the equality
Ht = 1. (71)
For the current epoch, we do have approximately H0t0 ≈ 1 (see, however, Refs. 47–
49 for the uncertainty in the estimation of cosmic age t0). In the context of ΛCDM,
the equality is an uncanny coincidence because it is only true at present time. For
the w = −1/3 coasting universe, the equality is satisfied at all cosmic time.
Another favorable attribute of the w = −1/3 model is that the horizon problem
is nonexistent, since it can be demonstrated50 that the opposite sides of the cosmos
have remained causally connected to each other from the very first moments of the
universe.
Notwithstanding its merits, the eternally coasting universe is disfavored at low
redshift. The fact that the universe is currently in a phase of accelerated expansion
has been firmly established from the observations of supernovae,34, 35 which indicates
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that the present value of the deceleration parameter q(t0) = q0 is markedly less than
zero q0 < 0, contrary to the claim of q0 = 0 for the eternally coasting universe.
Now let’s suppose that the universe has entered the MFC regime (i.e. H0 . h0)
at low redshift , whereas the w = −1/3 assumption is still valid. The modified
Friedmann equation (62) in the deep MFC regime takes the form
1
h20
(
˙¯a
a¯
)4
=
1
a¯2
, (72)
which leads to
a¯ ∼ t2, ρ¯tot ∼ t−4, H ≈ 2t−1, q ≈ −1
2
. (73)
Hence at low redshift, the deceleration parameter q should have been evolving from
the coasting q = 0 towards the accelerating q = −1/2. This unique behavior of q is
distinguishable from either the ΛCDM model or the eternally coasting model, thus
it could be verified via further data analysis.
Moreover, the Hubble parameter has been transitioning from H = t−1 (the
Friedmannian regime) to H ≈ 2t−1 (the deep MFC regime), which suggests that
2 > H0t0 > 1, rather than H0t0 = 1. The inequality of t0 > 1/H0 implies that
the commonly quoted cosmic age (approximately 1/H0) might be an underestima-
tion. In this regard, we would like to draw attention to the observation47–49 that 9
extremely old globular clusters are older than the widely accepted cosmic age.
As a last note, we shall mention that there is an unexplained coincidence: the
characteristic Hubble scale h0 of MFC and the characteristic acceleration scale a0
of MOND are of the same order as 1/t0
h0 ≈ a0 ≈ 1
t0
≈ 10−61.
The underlying reason for this coincidence is unknown. One possibility is that h0
and a0 are emergent and time-varying as well. But we just leave it at that, without
further elaborating the implications.
5. Conclusions
In the context of Clifford functional integral formalism, we revisit the NJL-type
model with nonrenormalizable 4-fermion interactions. The model leads to a bosonic
bound state as the result of the fermion-antifermion condensation. The goal of
the paper is to gain insight into the divergent integrals without going through
explicit regularization. It is argued that the physical outcome of the model should
not depend on the ill-defined non-Lorentz-invariant primitive integrals which are
more than logarithmically divergent. This condition removes the momentum routing
ambiguity associated with the fermion-antifermion condensation. A resultant extra
term shifts the pole of the scalar bosonic channel away from 4m2, where m is the
dynamically generated fermion mass.
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We present an alternative view on nonrenormalizable models conditional on dy-
namical symmetry breaking: a model’s predictability shall depend on the emergent
quantities such as the fermion and boson masses along with the dynamically gen-
erated negative vacuum energy, whereas the absolute magnitude of the coupling
constant is not measurable. We argue that the bare fermion mass and the bare cos-
mological constant Lagrangian terms are prohibited by enforcing the global axial
and θ symmetries. The dynamically generated effective masses and vacuum energy
could thus be protected by the weakly broken symmetries. The vacuum energy-
related quartically divergent primitive integral is regarded as a separate parameter
of the model independent of the quadratically and logarithmically divergent prim-
itive integrals. The vacuum energy is therefore decoupled from the emergent mass
scale.
In the presence of a small negative cosmological constant arising from dynamical
symmetry breaking, it’s demonstrated that the late-time cosmic acceleration can be
accommodated in the framework of modified Friedmannian cosmology (MFC). MFC
is originated from modifying the second Einstein-Cartan equation, which amounts to
altering the zero-torsion condition. A characteristic Hubble scale h0 demarcates the
boundary between the validity domains of the Friedmannian cosmology and MFC.
One prediction of MFC is that the Hubble parameter calibrated from the conven-
tional Friedmann equation is in general smaller than the local Hubble parameter
inferred from supernovae observations. This “Hubble tension” is more pronounced
when the Hubble parameter is comparable or less than the characteristic Hubble
scale h0.
We propose two cosmic evolution scenarios, with one of which based on the
premise that the total mass-energy density of the the universe may behave like the
K-matter characterized by the equation of state parameter w = −1/3. It follows that
the universe could be coasting with a linearly increasing scale factor for the cosmic
era when the Friedmannian cosmology is applicable. It has the appealing feature of
satisfying Planck naturalness: the total mass-energy density is of order 1 at Planck
time. Our view is that the universe may have already entered the MFC regime
(H . h0). Consequently, the deceleration parameter q should have been evolving
from the coasting q = 0 towards the accelerating q = −1/2 at low redshift. This
scenario could potentially alleviate the cosmic age problem posed by the extremely
old globular clusters.
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